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Abstract

A comparative analysis of hydrodynamic and kinetic approaches to the problem of diesel fuel droplet evaporation is
presented. It is pointed out that the kinetic effects on droplet evaporation are always noticeable, despite the fact that this
evaporation takes place at high pressures (up to 30 atm and even more). This shows the limitation of applying the
hydrodynamic approach to modelling this process. The hydrodynamic approach is universally used in computational
fluid dynamics (CFD) codes. Kinetic models predict longer evaporation time and higher droplet temperature compared
with the hydrodynamic model. The kinetic effects are shown to be more pronounced for smaller droplets (5 pum) than for
larger ones (20 um). The droplet evaporation time and droplet temperature increase with decreasing evaporation
coefficient. It is recommended that kinetic effects are taken into account when modelling the evaporation process of
diesel fuel droplets in realistic internal combustion engines.

© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

The importance of accurately modelling diesel fuel
droplet evaporation in engineering applications is well
known [1-8]. A conventional approach to this modelling
is based on the assumption that diesel fuel vapour in the
vicinity of the droplet surface is always saturated. The
rate of evaporation is essentially controlled by fuel va-
pour diffusion from the vicinity of the droplet surface to
the ambient gas [2,5]. This ‘hydrodynamic’ approach is
universally used in engineering models of diesel fuel
droplet evaporation and is incorporated in relevant
computational fluid dynamics (CFD) codes (e.g. [9-12]).
It implicitly assumes that the rate of detachment of
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molecules of diesel fuel is such that the concentration of
fuel vapour at the droplet surface is maintained at the
saturation level. The applicability of this assumption to
the problem of modelling of diesel fuel droplet evapo-
ration in realistic diesel engines is not at first evident. In
order to check it, a more general kinetic model needs to
be developed and applied to the solution of this problem.

The main objective of this paper is to perform the
modelling of diesel fuel droplet evaporation using
hydrodynamic and kinetic approaches and to compare
the results. Although the analysis is focused specifically
on the problem of diesel fuel droplet evaporation, it
can be easily adjusted to describe the evaporation of
other liquid droplets. The background of the problem
with the emphasis on the previously suggested kinetic
models is presented in Section 2. In Section 3 the basic
equations used in the analysis are presented. Results of
calculations are presented and discussed in Section 4.
The main conclusions of the paper are summarised in
Section 5.
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Nomenclature

ar coefficient in Eq. (8)

be coefficient in Eq. (8)

By Spalding mass number

c specific heat capacity

d diameter of molecules

D, binary diffusion coefficient

h convection heat transfer coefficient

Jig mass flux of fuel vapour from the droplet
surface

k thermal conductivity

Kn Knudsen number

/ molecular mean free path

L specific latent heat of evaporation

Le Lewis number

M molar mass

g rate of droplet mass loss

Na Avogadro number

N, (Ps — Pra)/Ps

Nt (T, — Tra)/ Ty

P pressure

(0] heat rate

Ry droplet radius

Ry gas constant

T temperature

Y mass fraction

Greek symbols

P evaporation (condensation) coefficient

P density

Subscripts

a air

d droplet

dr drift

e evaporation

f fuel vapour

K Knudsen layer

1 liquid fuel

mix mixture of fuel vapour and air

p constant pressure

Rd outer boundary of the Knudsen layer

] surface

sound sound

00 away from droplet surface (outside Knudsen
layer)

2. Background

The simplest kinetic model for droplet evaporation
(condensation) was developed for a free molecular flow
near the droplet surface (Knudsen number (Kn) is much
greater than 1). Assuming that both incoming and
outgoing molecular fluxes are Maxwellian with temper-
atures T, and T; respectively, one can derive the Hertz—
Knudsen-Langmuir formula for mass flux of fuel
vapour from the droplet surface [13-18]:

P B (ps_p_x) 0
¢ 4nRy 2R, \VT. VT.)’

where 7y is the rate of droplet mass loss, Ry is the
droplet radius, f,, is the evaporation or condensation
coefficient, R, is gas constant, p, is the saturated fuel
vapour partial pressure corresponding to 7T;, p., is the
fuel vapour partial pressure at large distances from it, T;
is the droplet surface temperature and 7, is the gas
temperature at large distances from the droplet.

The coefficient 5, < 1 shows what portion of vapour
molecules striking the liquid surface is absorbed by this
surface. The remaining portion (1 — f,) shows the
fraction of reflected molecules. The value of f,, depends
on contacting surfaces [19] and can be determined
experimentally [19,20]. Also, methods of molecular
dynamics and direct modelling of droplet evaporation

could be used to estimate this coefficient [21-23].
Unfortunately, the values of f8,, for diesel fuel have not
been measured or estimated to the best of our knowl-
edge.

Eq. (1) has been widely used for the analysis of
evaporation and condensation processes despite the
simplistic assumptions used for its derivation (e.g. [24]).
A more general approach to the evaporation—conden-
sation problem takes into account the effects of colli-
sions. This leads to the introduction of the concept of
the Knudsen layer, separating the liquid surface from
the bulk of the vapour which is described using the
continuum equations. The thickness of the Knudsen
layer I is typically estimated as several molecular mean
free pass lengths / for small drift vapour velocities vq,,
10! for vg, = 0.500una, and 100-2001 for vy, close to vsound
[25]. The value of / is estimated based on the tempera-
ture equal to T;.

Diesel fuel droplets can be approximated by n-
dodecane C;yHys (Mc,,n,, = 170.3 kg/kmol) for which
the gas constant is estimated as R, = 48.88 J/(kgK).
Assuming that 7y = 600 K we obtain vsoyng = 202.6 m/s.
For this 7; the saturated vapour pressure of n-dodecane
is equal to p; = 6.4x 10> N/m?. Using Eq. (1), assuming
that p,, = 0 and B,, = 0.5 we obtain ji,, = 745 kg/(m’s).
From gas law we have p,=21.8 kg/m’. Hence,
Var = jig/ ps = 34 m/s. This value could be further mod-
ified if different 5, are used. In all cases, however, we
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can assume that Ix < 5I. Note that this result is not very
sensitive to the value of T;. For example for 7; = 400 K
we obtain: vsug = 165 m/s and vg, = 28 m/s. More
accurate analysis of the problem (see Eq. (3)) would
predict a bit larger values of vy, but the validity of the
assumption that v4, < Usoung Would remain valid.
Assuming that liquid fuel evaporates into its own va-
pour, / can be estimated as [16]:

| = [\/iﬂ?dfz(PsNA)/Mfrlv

where M; and d; are molar mass and diameter of mol-
ecules of the diesel fuel, N, is the Avogadro number.

Taking the diameter of n-dodecane molecules
d =107 m, p, = 21.8 kg/m* (corresponding to 7, = 600
K) and M; = 170.3 kg/kmol, we obtain: / = 2.9x 10~° m.
This gives us the estimate of /x for diesel engines:
Ik < 1.5%x107* m=0.015 um. This is about 2 orders of
magnitude less than the droplet radii. As will be shown
later in this paper, however, despite the small thickness
the contribution of the Knudsen layer cannot be a priori
ignored even in dense gases including those in diesel
engines. The thickness of the Knudsen layer for the case
of fuel evaporation into its own vapour is expected to
increase by 1-2 orders of magnitude for 7, =400 K.
The rate of evaporation at this temperature, however,
is expected to be small.

Note that strictly speaking the Boltzmann equation
can be applied only when / is much greater than d [26].
From this point of view the results of our analysis are
expected to be reliable only for the set of parameters
when the condition / > d is satisfied. In the case when /
is close to d (which is expected near the critical state) our
model can show the trends of the processes, rather than
give reliable quantitative estimates. Also, the solutions
of the Boltzmann equation, on which our analysis is
based, do not take into account the contribution of
the processes inside the fuel vapour molecules.

The abovementioned estimates of / and /x do not
take into account the contribution of molecules of air in
the Knudsen layer. This can be justified by the small
thickness of this layer at temperatures well above room
temperature (when the evaporation rate is high enough).
The general kinetic theory of liquid fuel evaporation
taking into account the contribution of molecules of air
in the Knudsen layer has not been developed to the best
of our knowledge. Hence the assumption that the liquid
fuel evaporates into its own vapour will be held in the
rest of the paper.

The velocity distribution for the molecules in the
Knudsen layer is affected by collisions and can be ob-
tained from the solution of the Boltzmann equation.
Schrage [15] drew attention to the fact that the effects of
collisions lead to the formation of the shifted Maxwell-
ian distribution of molecules near the outer boundary of
the Knudsen layer. The authors of [27] assumed that this

distribution function is formed in the whole Knudsen
layer up to the liquid surface. Considering the case when
vapour drift velocity is much less than the velocity of
sound (weak evaporation; this assumption is consistent
with abovementioned estimates)), and using matching
boundary conditions in this layer, they derived the
modified expression for j, at Kn < 1 and (T, — T3)/
Ty < 1. This expression took into account the convec-
tion of vapour and collision processes and could be
presented in the form:

o 2P P Px
"g<2—ﬁm>m(ﬁ m) @

For f,, = 1 this equation predicts the value of j, twice
as much as the one predicted by Eq. (1).

Further development of the kinetic theory of evap-
oration and condensation was reported in [28-31]. Per-
haps the most detailed solution of the one-dimensional
evaporation and condensation problem in a semi-infinite
space was reported in [31]. The solution was obtained
using the moment method and was based on the
assumption of discontinuous shifted Maxwellian veloc-
ity distributions of molecules inside the Knudsen layer.
In this method the rigorous solution of the Boltzmann
equation was replaced by the solution of six equations
for six moments of velocity distributions: molecular
concentration, temperature and normal velocities for
incoming and outgoing flows. Macroscopic parameters
were calculated as integrals of the velocity distribution
function over the three-dimensional velocity space
(moments). The results were similar to those which fol-
low from more complicated approximations [31]. The
problem was solved using two forms of the collisional
term in the Boltzmann equation: the conventional one
and the one suggested by Bhatnagar et al. [32]. The latter
form of the collisional term secures the conservation of
particles during the collision process, and has been
widely used to model collisions in gases and plasma (see
e.g. [33]). The results turned out to be practically inde-
pendent on the form of the collision term used.

The analysis performed in [31] allowed the authors to
obtain a number of equations useful for computation of
dynamics of evaporation and condensation processes,
including the one describing the mass flux of vapour
leaving the droplet into a dense medium (Kn < 1):

P ﬁm(pszlt(n)_de)
e T (1 204p,)/27R T,

where pg,(7;) is the equilibrium pressure of the saturated
vapour at surface temperature T;, prg is the vapour
pressure just outside the Knudsen layer. Eq. (3) has been
widely used in various applications (e.g. [34]). It is valid
in the case of weak evaporation and condensation which
is expected to take place when (Trq — T3)/T;y < 1. Fur-
ther development of the theory of weak evaporation has

3)
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been reported in [35-43]. These developments, however,
do not undermine the usefulness of Eq. (3) for practical
applications. This equation is more accurate than Egs.
(1) and (2) and will be used in our analysis.

The increase in intensity of evaporation leads to
further deformation of the molecular distribution func-
tion in the Knudsen layer. At a certain stage, the lin-
earisation of this distribution function (which was used
when deriving Eq. (3)) becomes no longer possible. This
leads to the situation when vy, becomes comparable with
the velocity of sound and the theory of weak evapora-
tion and condensation is no longer valid. Theory of
intensive evaporation has been developed in [44-64].
A review of computational and experimental results
referring to intensive condensation, with particular
emphasis on the problem of the determination of S,
was presented in [65].

Results of calculations allowed the authors of [50] to
approximate the mass flux of vapour leaving the droplet
by the following expression (valid for both weak and
strong evaporation):

Jig = 0.60/2R, Ts(ps — pra) V Pra/ Ps, (4)

where pgg4 is the vapour density near the droplet surface
(outside the Knudsen layer). This equation have been
derived under the assumption that f, = 1.

For arbitrary 5, the value of jj, can be obtained via
the replacement of p, in Eq. (4) by [46,50]:

]1;: l ﬁ
< N — o RT >ps- (5)

The solution of the system of Egs. (4) and (5) with two
unknowns ji; and p, would allow us to find the required
value of j, for arbitrary f, <1. In the limit of weak
evaporation (p, — prq)/ps < 1. Eq. (4) reduces to Eq.
(3) for B, =1 (see Appendix A).

3. Basic equations and approximations

The kinetic evaporation model used in the paper is
based on Eq. (3) in the case of weak evaporation and on
Egs. (4) and (5) in the case of strong evaporation.

It is assumed that fuel vapour, leaving the Knudsen
layer, should be removed from the outer boundary of
this layer via diffusion. Thus the mass flux of fuel vapour
leaving the droplets is assumed to be equal to the dif-
fusion mass flux from the outer boundary of the
Knudsen layer jgr. The condition ji, = jair allows us to
determine the value of the mass fraction of fuel vapour
at the outer boundary of the Knudsen layer (¥rq). This
equation is solved under the assumption that Trq = 7.
The value of Yrq is less or equal to the saturated value
Y.

The value of jg;r is determined from the conventional
hydrodynamic theory as:

Jair =22 (1 4 Byy), (©
d
where p,;, is the density of the mixture of gas (air) and
fuel vapour at the outer boundary of the Knudsen layer
(Pmix = Pra/Yma), D, is the binary diffusion coefficient,
Bwm = Yra/(1 — Yra) is the Spalding number.

The values of f3,, for diesel fuel are not known at the
moment. Their experimental or theoretical estimate have
not been performed to the best of our knowledge. Our
calculations will be based on two typical values of
fpm = 0.5 and f,, = 0.04. The first value corresponds to
the average experimentally measured value of f, for
water; the second value corresponds to the minimal
observed value of f3,, for water [19,20].

The hydrodynamic evaporation model used in our
analysis is the conventional one (see e.g. [2,5]). Assuming
that vapour concentration near the droplet surface is
maintained at the saturation level, the evaporation
process is controlled by the diffusion of fuel vapour from
the droplet surface described by Eq. (6), but with Yrq
replaced by Y, where Y is the mass fraction of fuel
vapour near the droplet surface:

e[ Gl

p and p; are ambient pressure and the pressure of satu-
rated fuel vapour corresponding to droplet surface
temperature 7y respectively, M, and M; are molar masses
of air and fuel; p; can be calculated from the Clausius—
Clapeyron equation presented in the form [5]:

by
Ps = €Xp {af - m} ) ®)

ar and by are constants to be specified for specific fuels,
Ty is the surface temperature of fuel droplets in K; p,
predicted by Eq. (8) is in kPa. The quantity p,;,D. in Eq.
(6) can be replaced by kmix/Cpmix) assuming that the
Lewis number is unity (Le = kmix/(OmixCpmixyDe) = 1).
The generalization of this model was discussed in [3].
Heat supplied to the droplet in both kinetic and
hydrodynamic models is estimated as [2]:

where £ is obtained from the equation:

h=
Ry Bw

(10)

In the kinetic model By is defined via Y4, while in the
hydrodynamic model it is defined via Y.
The heat used for evaporation is

0. = 4R ji,L, (11)
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where L is the specific latent heat of evaporation.
Ignoring the temperature gradient inside the droplet, the
temperature of the latter is found from the equation:

ar, 3 .
O Tpl[h(];o = T.) = jiel]. (12)

The evolution of droplet radius is found from the
equation:

de jlg

— = =, 13
& ) (13)

4. Results

The kinetic and hydrodynamic models, described in
Section 3, were applied to modelling of heating and
evaporation processes of typical fuel droplets in diesel
engines. Eq. (3), describing weak evaporation, was used
in our calculations. This approximation was justified by
the predicted results: the values of drift vapour velocities
were much less than the velocity of sound. The gas
pressure and the initial droplet temperature were taken
equal to 30 bar and 300 K respectively. The effects of
temperature gradients inside droplets were ignored (see
[66,67] for the discussion of this approximation). In the
kinetic model two values of 8, were used: 5, = 0.5 and
B = 0.04. These are the average and minimal values of
p,, measured for water [19,20]. The value of f,, = 0.04 is
close to f,, = 0.06 estimated by Shusser et al. [68] for
butane. As mentioned earlier, the values of 5, for diesel
fuel have not been measured or estimated to the best
of our knowledge.

Firstly, the heating and evaporation of large droplets
with radii 20 pm were considered. The ambient gas
temperature was taken equal to 750 K. This is a typical
gas temperature at the end of compression stroke in
diesel engines [10]. The results of calculations of droplet
temperature and radius, based on hydrodynamic and
kinetic models, are shown in Fig. 1. As follows from this
figure, kinetic effects lead to a small increase of evapo-
ration time and droplet temperature for f,, = 0.5. This
increase becomes slightly larger for smaller f,,. The
overall shapes of the curves diameter versus time, as
predicted by hydrodynamic and kinetic models, appear
to be rather similar.

In Fig. 2 the results of calculations similar to those
presented in Fig. 1, but for the ambient gas temperature
equal to 2000 K, are shown. This temperature is a typ-
ical gas temperature in diesel engines, after the start of
ignition [10]. Hence, Fig. 2 describes the heating and
evaporation of fuel droplets injected directly into the
flame. This situation is extreme rather than typical for
realistic diesel engines conditions [7]. As follows from
Fig. 2, the kinetic effects lead to essentially the same

Tee = 750 K, Rgo = 20 um —— hydrodinamic
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Fig. 1. Plots of droplet temperature (in K) and droplet radius
(in pm) versus time for ambient gas pressure 30 bar, ambient
gas temperature 7,, = 750 K, and initial droplet radius R4y = 20
um calculated based on hydrodynamic and kinetic models with
the evaporation coefficients f,, = 0.5 and 0.04.
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Fig. 2. The same as Fig. 1 but for 7., = 2000 K.

changes in droplet temperature and diameter as when
the ambient gas temperature is equal to 750 K, although
the overall evaporation time is about four times less for
T, = 2000 K than for 7, = 750 K. Comparing Figs. 1
and 2 one can see that the relative changes of droplet
temperature and diameter due to kinetic effects are
noticeably larger for 7, = 2000 K than for 7,, = 750 K.
In contrast to the case of 7, = 750 K, the dependence of
kinetic corrections on f,, is rather small for 7, = 2000
K. These corrections lead to about 6% increase of
evaporation time for both f,, for 7, = 2000 K.

In Figs. 3 and 4 the results of calculations similar to
those presented in Figs. 1 and 2, but for the initial
droplet radius equal to 5 pum are shown. Droplets with
this initial radius are most likely to be observed in diesel
engines [6]. As can be seen from these figures, for both
temperatures 7, = 750 K and T,, = 2000 K the kinetic
effects lead to the same increase of evaporation times
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Fig. 3. The same as Fig. 1 but for Ry = 5 pm.
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Fig. 4. The same as Fig. 2 but for Ry = 5 pm.

and droplet temperature as for a droplet with an initial
droplet radius equal to 20 um (cf. Figs. 1 and 2). For
small droplets these effects are noticeably stronger than
for large droplets, as expected. Also, for smaller drop-
lets, the increase of droplet temperature and evaporation
time with decreasing f3,, is clearly visible, especially for
T, =750 K. For T, = 750 K and f,, = 0.04 the kinetic
model predicts about 6% longer evaporation time than
the hydrodynamic model. For T, = 2000 K and f, =
0.04 the predicted evaporation time becomes about 9%
longer than predicted by the hydrodynamic model. This
increase of evaporation time should be taken into ac-
count when modelling the evaporation of fuel droplets
in realistic diesel engines. The increase of droplet evap-
oration time would lead to an increase to the physical
ignition delay and to the overall ignition delay in diesel
engines [10]. This would affect the timing of the auto-
ignition—the crucial parameter for the performance of
these engines [6]. As in the case of large droplets, for
droplets with the initial diameter 5 pm the ambient gas
temperature leads to relatively weak effects on the in-

crease of evaporation time and droplet temperature
predicted by the kinetic model. As expected, the increase
of ambient gas temperature from 750 to 2000 K leads to
a decrease of the evaporation time by a factor of four.

The results for 7, = 2000 K are shown mainly to
illustrate the general trends of the process at high tem-
perature. The quantitative results could have limited
reliability, as at this temperature, the mean free path of
molecules can be comparable with the molecular dia-
meters. As mentioned earlier, in this situation we ap-
proach the limit of applicability of Boltzmann equation.
To the best of our knowledge, nobody ever attempted to
analyse this problem using the Bogolubov-Born-Green—
Kirkwood-Ivon hierarchy of equations [69]. This would
have been the only way to solve the problem without the
abovementioned limitation on /.

The results of calculations similar to the ones pre-
sented above but for atmospheric pressure showed that a
decrease of pressure from 30 atm to 1 atm leads to a
substantial increase in contribution from kinetic effects.
Also, the dependence of the evaporation time on f,
appears to be much more pronounced for 1 atm than for
30 atm. In particular, for 7, = 750 K, R4o = 5 pm and
fn = 0.04 the kinetic model predicts about 30% longer
evaporation time than the hydrodynamic model.

The kinetic effects appear to be even more pro-
nounced for droplets with an initial radius of 1 pm. In
this case, however, our model appears to be less reliable,
as it does not take into account the effects of surface
tension. For droplets with this initial radius these effects
are expected to be noticeable.

5. Conclusions

A comparative analysis of hydrodynamic and
kinetic approaches to the problem of diesel fuel droplet
evaporation has been presented. The hydrodynamic
approach is based on the assumption that the concen-
tration of fuel vapour near the droplet surface is main-
tained at saturation level. This approach is universally
used in computational fluid dynamics (CFD) codes. In
the kinetic approach the mass flow rate of fuel vapour
from the droplet surface is calculated based on the
solution of the Boltzmann equation for given evapora-
tion coefficients f5,,. The mass flow rate of fuel vapour
as predicted by the kinetic model has been calculated
from Eq. (3) (weak evaporation). Two values of the
evaporation coefficient have been used f,, =0.5 and
B = 0.04. These are the average and minimal values of
p., measured for water. The values of f,, for diesel fuel
have not been measured or estimated to the best of our
knowledge. It is pointed out that the kinetic effects on
droplet evaporation are always noticeable, despite the
fact that this evaporation takes place at rather high
pressures (up to 30 atm and even more). This shows the
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limitation of the applicability of the hydrodynamic ap-
proach to accurate modelling of this processes. As ex-
pected, kinetic models predict longer evaporation time
and higher droplet temperature compared with the
hydrodynamic model. The kinetic effects are shown to be
more pronounced for smaller droplets (5 pm) than for
larger ones (20 um). The droplet evaporation time and
droplet temperature increase with decreasing evapora-
tion coefficient. It is recommended that the kinetic effects
are taken into account when modelling the evaporation
process of diesel fuel droplets in realistic internal com-
bustion engines.
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Appendix A

Assuming that (p; — prq)/ps =N, < 1 (weak evap-
oration), we can write:

V2o = pra) = Nop (A1)

Using Equation (2.27) of [50] we obtain, remembering
that N, < 1:

T, — T -
JENT:0.265M

I Ps\/ Pra/ Ps

Using the gas law and ignoring non-linear terms the
following relation is obtained:

=0265N,.  (A.2)

Ps — Pra = ps(Nt +N,). (A.3)

Egs. (A.2) and (A.3) allow us to rewrite Eq. (Al) as:

NT+Np_ Ps — Prd

Prac) _ = =
(ps = Pra) = Ps— 55 T 365p,

Ps

(A4)

Having substituted Eq. (A4) into Eq. (4) we obtain:

Ps—Pra _ 1.2y/7 p Ry T, (ps — pra)

*1.265p,  1.265  p.\/27R,T,

— 1.681 s Prd

\/21R, T

jlg =0.6 2Rg]—;p

This expression differs by less than 1% from Eq. (3)
taken for f, = 1.
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